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Scalar-tensor theories of gravity where a new scalar degree of freedom couples to the Gauss-Bonnet
invariant can exhibit the phenomenon of spontaneous black hole scalarization. These theories admit both
the classic black hole solutions predicted by general relativity as well as novel hairy black hole solutions.
The stability of hairy black holes is strongly dependent on the precise form of the scalar-gravity coupling.
A radial stability investigation revealed that all scalarized black hole solutions are unstable when the
coupling between the scalar field and the Gauss-Bonnet invariant is quadratic in the scalar, whereas stable
solutions exist for exponential couplings. Here, we elucidate this behavior. We demonstrate that, while the
quadratic term controls the onset of the tachyonic instability that gives rise to the black hole hair, the higher-
order coupling terms control the nonlinearities that quench that instability and, hence, also control the
stability of the hairy black hole solutions.
DOI: 10.1103/PhysRevD.99.064011
I. INTRODUCTION
A century after the inception of general relativity (GR),
we have entered the era of gravitational wave astronomy.
The LIGO/Virgo Collaboration has already observed ten
binary black hole (BH) mergers and one binary neutron star
merger [1], and this number is only expected to grow as
the sensitivity is increased and future detectors (such as
LIGO-India and KAGRA) come online. This new obser-
vational window offers us the unprecedented opportunity to
test gravity on new distance and energy scales using some
of the most extreme objects in the Universe [2–6]. Indeed,
the events already observed have provided new bounds
on modified gravity theories and important consistency
tests [7–15].
Astrophysical BHs in GR are simple objects character-
ized by two numbers: their mass and spin. Because of their
simplicity, they are attractive probes for testing GR. Any
observational test of gravity must compare the predictions
of GR with those coming from competing theories. Without
alternative predictions, one cannot verify whether GR is
correct, or even quantify the amount by which GR is the
preferred theory. This is where the challenges typically
arise: the vast majority of well-motivated modifications of
GR are subject to no-hair theorems that preclude the
existence of new BH charges. In particular, many of these
models contain an additional scalar degree of freedom φ
[2,16], and the no-hair theorems preclude the existence
of BHs with some new scalar charge Q [17–23]. A notable
exception to this rule are theories that include a coupling of
the scalar field to the Gauss-Bonnet invariant G ¼ R2 − 4
RabRab þ RabcdRabcd, where R, Rab and Rabcd are the Ricci
scalar, the Ricci tensor and the Riemann tensor, respec-
tively. Such scalar-Gauss-Bonnet (sGB) couplings arise
in the low-energy effective field theory (EFT) derived
from string theory, and it has long been known that they
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give rise to non-Schwarzschild and non-Kerr BHs (see
e.g., [24,25]). A linear coupling between a scalar field and
the Gauss-Bonnet invariant features prominently in the
EFT of shift-symmetric scalars [21], since the Gauss-
Bonnet term is a topological invariant and a total diver-
gence in four dimensions. Again, studies have found new
hairy BH solutions in these theories [21,26–30]. The fact
that LIGO/Virgo has observed BH merger events consistent
with GR implies that such couplings are necessarily
small [31].
Recently, a new possibility was pointed out and named
“spontaneous BH scalarization”: certain sGB theories
admit both the BH solutions of GR and hairy BH solutions
[32,33]. This phenomenon can occur in theories where a
scalar field is coupled to the Gauss-Bonnet invariant and
the coupling function respects Z2 symmetry and vanishes
for some constant φ0. The last condition guarantees that
GR BHs are admissible solutions. The coupling with the
Gauss-Bonnet invariant acts as an effective mass term for
the scalar perturbations around these solutions. When the
BH mass lies within a certain interval, this effective mass
term is negative in parts of the BH exterior, triggering a
tachyonic instability and producing a nonzero scalar
charge. The scalarized solutions exist in BH mass bands
whose onset coincides with the tachyonic instability, and
whose termination is due to regularity conditions on the
horizon that arise from nonlinear effects [32,33]. Similar
scalarization phenomena have been studied also for neutron
stars [33,34], Reissner-Nordström and Kerr BHs [35–39]
and scalar-tensor gravity coupled with Born-Infeld electro-
dynamics [40,41].
There is no a priori guidance for the functional depend-
ence of the coupling function fðφÞ. Reference [33] focused
on the quadratic coupling fðφÞ ∼ φ2, as this is the simplest
case where the tachyonic instability should be present and
the leading-order term is expected to control the onset of
the instability. Reference [37] focused on the exponential
coupling fðφÞ ∼ expðβφ2Þ instead. Recent studies suggest
that scalarized BH solutions are unstable under radial
perturbations for the quadratic coupling, while solutions
within the exponential coupling model have better stability
properties [42].
This paper is concerned with understanding the nature
of the instability of the quadratic coupling function. In
particular, we will show that the radial instability of the
quadratic model is directly linked to the fact that, in this
model, the scalar field equation is linear in the scalar.
This implies that gravitational backreaction is crucial
for quenching the tachyonic instability that leads to
scalarization, and that backreaction determines the proper-
ties of the scalarized solution in this model. Here, we find
that introducing nonlinearity in the scalar provides a
different quenching mechanism for the tachyonic instabil-
ity, changes the properties of the scalarized solutions, and
removes the radial instability. The simplest setup to
demonstrate these points is a theory where the quadratic
coupling is augmented by a quartic term.1
The plan of the paper is as follows. In Sec. II, we briefly
review sGB gravity, the necessary conditions for the
existence of scalarized BH solutions, and our chosen
coupling functions. In Sec. III, we study quartic sGB
gravity in the decoupling limit, compute scalar field bound
states and investigate their stability. In Sec. IV, we obtain
full nonlinear BH solutions in this theory and discuss their
stability under radial perturbations. In Sec. V, we summa-
rize our findings.
II. SCALAR-GAUSS-BONNET GRAVITY
In sGB gravity, a real, massless scalar field is coupled to
gravity through the Gauss-Bonnet invariant G. The action
of sGB gravity is
S ¼ 1
2
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p 
R −
1
2
gabφ;aφ;b þ fðφÞG

; ð1Þ
where φ is the scalar field and gab is the spacetime metric.
We use geometrical units, such that 8πG ¼ c ¼ 1. The field
equation for the scalar field in sGB gravity is
□φ ¼ −f;φðφÞG; ð2Þ
while the equation for the spacetime metric is
Rab −
1
2
gabR ¼ Tab ð3Þ
where Tab is the sum of the matter stress-energy tensor
(which is vanishing for BH solutions) and an effective
stress-energy tensor which depends on f;φðφÞ [29].
Different choices of the function fðφÞ correspond to
different sGB gravity theories. In particular, fðφÞ ∼
expðαφÞ (where α can be different depending on the
specific stringy scenario) corresponds to Einstein-dilaton
Gauss-Bonnet (EdGB) gravity [24,25,27,44–53], which
can arise in the low-energy effective actions of some string
theories [54,55]; fðφÞ ∼ φ corresponds to shift-symmetric
sGB gravity, which is invariant under φ → φþ constant,
and is so far the only known shift-symmetric scalar-tensor
theory with second-order field equations to allow for
asymptotically flat, hairy BH solutions [21,26,28].
Remarkably, EdGB and shift-symmetric sGB gravity
do not admit Schwarzschild BH solutions: all static,
1The φ4 correction to the coupling function introduces non-
linearity in φ in the scalar’s equation and is the leading order term
with this property in the exponential coupling case. Note that
from an EFT perspective, augmenting the coupling function is not
the most natural method for stabilizing the solutions. However,
our goal here is to understand the role and properties of the
coupling function. We will discuss EFT considerations in a
forthcoming publication [43].
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spherically symmetric BH solutions in this theory have
nontrivial scalar field configurations. This feature, how-
ever, is not shared by all sGB gravity theories. As shown in
[32,33], sGB gravity admits the BH solutions of GR (with a
constant scalar field) if f;φðφ0Þ ¼ 0 for some constant φ0,
and it also admits BH solutions with nontrivial scalar field
configurations if f;φφG < 0. In these theories, the f;φφG
term in the field equations acts as a negative mass term,
triggering a tachyonic instability,2 which can in principle
lead to the development of “scalar hair.” This process of
spontaneous scalarization is analogous to that studied in
compact stars in scalar-tensor gravity [57,58], but, cru-
cially, it does not rely on any coupling with matter, and
therefore it could potentially be tested through the obser-
vation of gravitational waves from binary BH mergers.
Two examples of sGB gravity theories satisfying the
conditions for spontaneous scalarization have been
studied: quadratic sGB gravity [33], in which fðφÞ ∼ φ2,
and exponential sGB gravity [32], where fðφÞ ∼ 1−
expð−3φ2=2Þ.3
In this work, we will study quartic sGB gravity, with a
coupling term of the form
fðφÞ≡ 1
8
η¯φ2 þ 1
16
ζ¯φ4; ð4Þ
where η¯, ζ¯ are coupling constants with dimensions of
½length2, and the numerical factors are chosen for con-
venience. The scalar field is dimensionless, while G has
units of ½length−4. When ζ¯ ¼ 0, we obtain the quadratic
sGB gravity theory considered in [33], which allows for
spontaneous scalarization when η¯ > 0. For small values
of the scalar field, the exponential sGB gravity studied
in [32]
fðφÞ ¼ λ
2
12
½1 − expð−3φ2=2Þ ð5Þ
reduces to quartic sGB gravity with
η¯ ¼ λ2; ζ¯ ¼ − 3
2
λ2; ð6Þ
plus Oðφ6Þ terms.
Since the field equations (3) reduce to Einstein’s equa-
tions when f;φðφÞ ¼ 0, quartic sGB gravity admits the GR
solutions provided that
f;φ ¼
φ
4
ðη¯þ ζ¯φ2Þ ¼ 0: ð7Þ
Therefore, it always admits the GR solutions with φ≡ 0,
and if η¯ ζ¯ < 0 it admits two additional, real-valued, con-
stant scalar field solutions φ≡ φþ and φ≡ φ−, where
φ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jη¯=ζ¯j
q
: ð8Þ
III. DECOUPLING LIMIT OF QUARTIC
SCALAR-GAUSS-BONNET GRAVITY
Our goal in this section is to understand whether a
quartic term in the coupling function fðφÞ i.e., a nonzero
value of ζ¯ can stabilize static, spherically symmetric BH
solutions, which are known to be unstable in the quadratic
case. Since quadratic sGB gravity only admits scalarized
solutions if η¯ ∼ f;φφ > 0, in the following we shall assume
η¯ > 0, as in [33,42].
To begin, we consider the decoupling limit in which we
neglect the backreaction from the metric. Thus, we study
the scalar field equation (2)
□φ ¼ −f;φðφÞG ¼ −
φ
4
ðη¯þ ζ¯φ2ÞG; ð9Þ
on a fixed Schwarzschild background with mass M. As
discussed in [32,33], this class of theories admits two kinds
of solutions: the GR solutions, i.e., a constant scalar field
with φ≡ 0;φ; and the scalarized solutions, in which the
scalar field has a nontrivial configuration.
A. Static bound-state solutions
As a first step, we look for static, bound-state solutions
of quartic sGB gravity in the decoupling limit. As in
Ref. [33], we consider a time-independent scalar field
and we expand it in spherical harmonics in standard
Schwarzschild coordinates:
φ ¼ 1
r
X
lm
σ¯lmðrÞYlmðθ;ϕÞ: ð10Þ
Due to the nonlinearity introduced by the quartic term in
Eq. (4), the wave equation is only separable for spherically
symmetric configurations (l ¼ 0). Defining σ¯ ¼ σ¯00 and
introducing the dimensionless variables
σ ≡ σ¯=ð2MÞ; ρ≡ r=ð2MÞ;
η≡ η¯=ð2MÞ2; ζ ≡ ζ¯=ð2MÞ2;
we obtain the following nonlinear differential equation:
σ00 þ 1ðρ − 1Þ

σ0
ρ
−
σ
ρ2
þ 3ησ
ρ5
þ 3ζσ
3
ρ7

¼ 0; ð11Þ
where primes denote derivatives with respect to ρ.
2See also [56] for an alternative interpretation in terms of the
Gregory-Laflamme instability.
3Note that our notation is consistent with that of [33] but
different from the notation of [32], since the scalar field defined in
[32] differs from our scalar field by a factor 2.
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Introducing the tortoise coordinate ρ ¼ ρþ logðρ − 1Þ,
this equation becomes a Schrödinger-like equation with
a nonlinear potential. We cannot straightforwardly apply
results from quantum mechanics to determine when
Eq. (11) admits bound-state solutions, as done e.g., in
Refs. [36,59,60] using criteria derived in [61], and
therefore we must study Eq. (11) numerically. We start
the integrations close to the event horizon ρ ¼ 1 (typically
at ρ ¼ 1þ 10−5) using a power series solution for σ valid in
the near-horizon region. To leading order we have
σ ¼ σh þ ðσh − 3ησh − 3ζσ3hÞðρ − 1Þ: ð12Þ
We then integrate out to a large ρ (typically ≈105) for given
values of ðη; ζÞ and an arbitrary value σh ≡ σð1Þ. For each
choice of the coupling constants η, ζ, and for each choice of
σh, Eq. (11) admits a unique solution with σ0h ≡ σ0ð1Þ ¼
σhð1 − 3η − 3ζσ2hÞ, φh ¼ σh and φ0h ¼ −3σhðηþ ζσ2hÞ. We
find that the scalar field diverges as ρ → ∞ if and only if
φh
0=φh > 0, i.e., if ηþ ζσ2h > 0. Since we assume that
η > 0, this condition is always satisfied if ζ > 0, while if
ζ < 0 the condition is satisfied for φ− < φh < φþ
[see Eq. (8)].
Since we are interested in scalarized solutions with the
same asymptotic behavior as in GR, we require that the
scalar field vanishes at infinity. We find that this condition
can only be enforced for η larger than a threshold value
ηthr ¼ 0.726; for each η > ηthr, there is a discrete set of
values of σh which correspond to the solutions satis-
fying the boundary condition at infinity. This value, i.e.,
η¯thr=M2 ¼ 4ηthr ¼ 2.904, coincides with the first (zero-
node) eigenvalue in the quadratic theory of Ref. [33]. We
focus on the nodeless solution because previous work [42]
showed that this is the only stable scalarized solution in the
exponential theory. Therefore it is natural to ask whether
the nodeless solution is stable in the (simpler) quartic
theory.
The results of the integration of Eq. (11) are shown in
Fig. 1, where we plot the scalar field at the horizon, φh,
compatible with the boundary conditions, in the case of
ζ ¼ −ð3=2Þη [corresponding to the choice in Eq. (6)], for
the solution with no nodes. Note that quartic sGB gravity
is symmetric under φ → −φ, so we only show solutions
with φ > 0. For η < ηthr the only solution is φh ¼ 0, and
the scalar field is zero everywhere. A scalarized solution
appears for η > ηthr. As η increases, the value of φh for the
scalarized solution also increases, and it tends to the limit
φþ as η → ∞. The same qualitative behavior occurs for
different (negative) values of ζ.
In the same figure, we show the corresponding curve for
the quadratic theory [33]. In this case, the scalar field
equation in the decoupling limit is linear, therefore only a
discrete set of values of η fulfills the boundary conditions,
and the zero-node solution corresponds to η ¼ ηthr. For this
value all choices of φh are equivalent, since the solution of a
linear equation is defined modulo an overall multiplicative
constant.
B. Linear stability analysis in the decoupling limit
Let us now analyze the stability of the static, spherically
symmetric solutions discussed in Sec. III A. Let
σ ¼ σ0 þ δσ; ð13Þ
were σ0 is a solution of Eq. (11) (e.g., found numerically as
in Sec. III A). Substituting this perturbation in Eq. (11) and
neglecting Oðδσ2Þ terms, we find the linear equation
d2δσ
dρ2
− VeffðρÞδσ ¼ 0; ð14Þ
with effective potential
Veff ≡

1 −
1
ρ

lðlþ 1Þ
ρ2
þ 1
ρ3
−

3η
ρ6
þ 9ζ
ρ8
σ20

: ð15Þ
Following [61], a sufficient (but not necessary) condition
for instability is
Z
∞
1
Veffdρ
1 − 1=ρ
¼ lðlþ 1Þ þ 1
2
−
3η
5
− 9ζ
Z
∞
1
dρ
φ20
ρ6
< 0;
ð16Þ
where φ0 ¼ δσ0=ρ and the integral must be computed
numerically.
FIG. 1. Bound scalar field solutions (with no nodes) in the
quartic theory with ζ ¼ −ð3=2Þη. Solutions for which the
effective potential Veff defined in Eq. (15) is (is not) positive
definite correspond to the solid (dashed) line. The horizontal line
(marked by a circle) corresponds to the constant φþ ¼
ﬃﬃﬃﬃﬃﬃﬃ
3=2
p
solution, whereas the vertical line corresponds to the solutions of
the quadratic sGB. For η ¼ 0, the theory reduces to that of scalar
field minimally coupled to gravity. No-hair theorems force φ to
have (any) constant value. See text for a detailed description.
HECTOR O. SILVA et al. PHYS. REV. D 99, 064011 (2019)
064011-4
In the quadratic sGB theory (ζ ¼ 0), the solution is
unstable for η > 5=6 ≃ 0.83. Remarkably, in this case
the effective potential does not depend on φ0. Therefore,
when the Schwarzschild solution is unstable—the insta-
bility eventually leading to spontaneous scalarization—the
bound state solution is also unstable. This simple qualita-
tive reasoning suggests that, as shown in [42], scalarized
solutions in the quadratic sGB theory are always unstable.
Equation (16) also shows that when ζ < 0 the contri-
bution of the integral is positive, and therefore it tends
to stabilize BH solutions. Moreover the integral term
vanishes as φ0 → 0. This suggests that in the quartic
theory, for certain values of the coupling constants ðη; ζÞ
the Schwarzschild solution is unstable, while the scalarized
solution is not. This is consistent with the results found in
[42] for the exponential theory, which is equivalent to the
quartic theory with ζ ¼ −ð3=2Þη if we ignore terms of
order Oðφ6Þ.
C. Numerical results
To assess the stability of the scalarized solutions under
radial perturbations, we computed the effective potential
and the integral in Eq. (16) numerically in the case ζ ¼
−ð3=2Þη using the bound-state solutions φ0 corresponding
to the curve in Fig. 1. We find that the condition (16)
(which is just a sufficient condition for instability) is never
satisfied for the bound-state solutions. Looking at the
minimum of the effective potential, we find that it is
negative for ηthr ¼ 0.726 < η < 0.86, while it is positive
for η > 0.86. This is an indication that the bound state
solutions, at least for η > 0.86, are linearly stable under
radial perturbations. In Fig. 1, we mark solutions for which
Veff is not positive-definite by a dashed line, and those for
which Veff is positive everywhere by a solid line. In the GR
limit (η ¼ 0), the theory reduces to a scalar field minimally
coupled to gravity, and no-hair theorems [17–19] require φ
to be (any) constant, as indicated by the wiggly line.
These results are in qualitative agreement with those for
the exponential theory, as can be seen from a comparison
with Fig. 2 of [42]. A scalarized solution exists when
1=ð2 ﬃﬃηp Þ ¼ M=η¯1=2 (which is the same as M=λ in their
notation) is smaller than 0.59, but for 0.54 < M=η¯1=2 <
0.59 the effective potential is not positive definite.
We now turn to a study of the perturbations of the fully
coupled field equations [Eqs. (2) and (3)].
IV. NONLINEAR BLACK HOLE SOLUTIONS AND
THEIR RADIAL (IN)STABILITY
In GR, radial perturbations describe nonradiative fields.
The perturbation equations can be solved analytically and
correspond to a change in mass of the Schwarzschild BH
solution, as expected from Birkhoff’s theorem [62]. In
modified theories of gravity, radial perturbations can be
radiative, with important consequences for the stability of
the spacetime.
As mentioned in the introduction, Ref. [42] studied radial
perturbations of a static, spherically symmetric BH for a
generic coupling function fðφÞ in sGB gravity. We mostly
follow their treatment. For brevity, we will only outline the
procedure to obtain the perturbation equations and our
numerical calculation of the radial oscillation modes.
The spherically symmetric, radially perturbed spacetime
up to first order in the perturbations has line element
ds2 ¼ − exp½2ΦðrÞ þ εFtðt; rÞdt2
þ exp½2ΛðrÞ þ εFrðt; rÞdr2 þ r2dΩ2; ð17Þ
where ε is a small bookkeeping parameter and dΩ2 ¼
dθ2 þ sin2 θdϕ2 is the line element of the unit-sphere. To
the same order, the scalar field is given by
φ ¼ φ0ðrÞ þ ε
φ1ðt; rÞ
r
: ð18Þ
By inserting Eqs. (17) and (18) into the field equations (2)–
(3) and expanding in powers of ε, we get equations for the
background metric functions ðΦ;ΛÞ at zeroth order in ε,
and for the radial perturbations ðFt; Fr;φ1Þ at first order
in ε. Let us first discuss the background equations and
boundary conditions.
A. Black hole scalarization in quartic sGB gravity
The zeroth-order equations for ðΦ;Λ;φ0Þ can be cast as
a coupled system of two first-order equations for Φ and Λ
and a second-order equation for φ0 [25,32,42]. BH sol-
utions are obtained by imposing that the metric functions
expð2ΦÞ and expð−2ΛÞ vanish and that the scalar field φ0
be regular at the horizon:
expð2ΦÞ ∼ ðr − rhÞ þO½ðr − rhÞ2; ð19Þ
expð−2ΛÞ ∼ ðr − rhÞ þO½ðr − rhÞ2; ð20Þ
φ0 ∼ φ0;h þ φ00;hðr − rhÞ þO½ðr − rhÞ2; ð21Þ
where rh is the horizon radius, while φ0;h and φ00;h denote
the scalar field and its first derivative at the horizon. Using a
near-horizon expansion of the field equations, we find that
BH solutions correspond to the condition (cf. [29,32,33] or
more details)
φ00;h ¼ −
rh
φ0;hðηþ ζφ20;hÞ
"
1 −
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 −
6φ20;h
r4h
ðηþ ζφ20;hÞ2
s #
:
ð22Þ
When Eq. (22) is not satisfied, φ000 diverges at the horizon.
By requiring that the first derivative of the scalar field at the
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horizon be real and using Eq. (22) we find a condition for
the existence of the solutions:
6φ20;hðηþ ζφ20;hÞ2 < r4h: ð23Þ
At large distances, an expansion of the background
equations in powers of r−1 leads to
expð2ΦÞ ∼ 1 − 2M
r
þOðr−2Þ; ð24Þ
expð−2ΛÞ ∼ 1 − 2M
r
þOðr−2Þ; ð25Þ
φ0 ∼ φ0;∞ þ
Q
r
þOðr−2Þ; ð26Þ
where M is the total (ADM) mass and Q is the scalar
charge. Since we are not interested in cosmological
effects and we require that the hairy solution has the same
asymptotic properties as the GR solution, we will also
impose φ0;∞ ¼ 0.
To obtain scalarized BH solutions we proceed as follows.
We integrate the differential equations for the background
from the horizon outwards imposing the boundary con-
ditions (19)–(21) with the constraint (23), using a guess
value for the scalar field at the horizon φ0;h. Numerical
solutions in the far-horizon region (r≫ rh) are then
compared with the boundary conditions (24)–(25). Not
all sets of ðφ0;h; η; ζÞ allow for BH solutions satisfying both
boundary conditions. This generates a boundary value
problem that can be solved by a shooting method. In
practice, we fix the values of ðη; ζÞ, and we find the values
of φ0;h by shooting and requiring that the scalar field
vanishes in the far region.
B. Radial perturbations of scalarized black holes
Let us now consider the radial stability of the BH
solutions found in the preceding section. By manipulating
the first-order equations, we can show that the func-
tions ðFt; Fr;φ1Þ are not independent: Ft and Fr can be
written in terms of φ1, where φ1 obeys the differential
equation [42,45]
hðrÞ ∂
2φ1
∂t2 −
∂2φ1
∂r2 þ kðrÞ
∂φ1
∂r þ pðrÞφ1 ¼ 0: ð27Þ
Here h, k and p are functions of r that depend on the
background metric functions: cf. Eq. (14) of [42].
By a suitable redefinition of the functions ðh; k; pÞ
and using a harmonic-time decomposition φ1ðt; rÞ ¼
φ1ðrÞe−iωt, we can write the above equation in a
Schrödinger-like form. This is useful for analyzing the
effective potential felt by the perturbations [42]. However,
here we will deal directly with the differential equation in
the form (27), mainly because it is simpler to solve it
numerically. We introduce a compactified dimensionless
coordinate
x≡ 1 − rh=r; ð28Þ
such that the horizon and spatial infinity are mapped
to x ¼ 0 and x ¼ 1, respectively. To integrate Eq. (27)
numerically we impose the standard boundary conditions
at the horizon and at spatial infinity:
φ1ðxÞ ¼

eiωr r → ∞ðx → 1Þ
e−iωr r → −∞ðx → 0Þ
; ð29Þ
where r is the tortoise coordinate.
The differential equation (27) together with boundary
conditions (29) yields a boundary-value problem for the
complex eigenvalue ω ¼ ωR þ iωI . Stable modes have
ωI < 0, while unstable modes have ωI > 0. Therefore,
to study the radial stability of the solutions we can search
for purely imaginary modes with ωI > 0. To obtain these
modes, we use again a shooting method. We perform two
integrations starting at x ¼ 0 and at x ¼ 1. At each
boundary we impose that the scalar field is zero and that
its first derivative is constant. We can fix the scalar field
amplitude to unity because Eq. (27) is linear. The integra-
tion of Eq. (27) from the horizon yields a first solution φð−Þ1 ,
and the integration from infinity yields a second solution
φðþÞ1 . We match the two solutions at an intermediate point
xm. The eigenvalue ω ¼ iωI corresponds to the frequency
at which the Wronskian
W ¼

φð−Þ1
dφðþÞ1
dx
− φðþÞ1
dφð−Þ1
dx

x¼xm
ð30Þ
vanishes. We checked that the modes are stable under
variations of the numerically chosen values of the near-
horizon radius, of the large radius representing spatial
infinity, and of the matching point xm. Additionally, we
checked that our results reproduce those for the exponential
and quadratic couplings presented in Ref. [42].
C. Numerical results
In Fig. 2, we plot the scalar charge-mass (Q–M) diagram
corresponding to nodeless (n ¼ 0) scalarized BH solutions
in the quartic theory for fixed values of jζ=ηj ¼ 0, 0.5, 1,
1.5 and 2.0. For completeness we also show the corre-
sponding diagram for the exponential coupling from
Ref. [32]. The vertical line represents the threshold η ¼ ηthr.
Numerically we found that solutions with ζ=η≲ −0.8
bend to the left in the Q −M diagram (and so do solutions
corresponding to the exponential coupling), while solutions
with ζ=η larger than this critical value bend to the right.
Solutions illustrating this behavior near this critical value
are shown in the inset of Fig. 2. This different behavior
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corresponds to different radial stability properties. When
ζ=η ¼ −0.5 there is a gap in the parameter space in which
BH solutions do not exist: the first derivative of the scalar
field at the horizon is complex in this region. This happens
because Eq. (23) cannot be satisfied for parameter choices
that lie in the gap. We verified that the gap exists in the
parameter range −0.64 < ζ=η < 0, and it is indeed related
to the polynomial form of the existence condition given
by Eq. (22).
The two different branches of solutions that exist (e.g.,)
when ζ=η ¼ −0.5 present different stability properties, one
being stable and the other unstable. We can understand this
behavior qualitatively using intuition built from Sec. III.
From (16), we know that not only the magnitude of the
coupling parameter ζ, but also the amplitude of the back-
ground solution φ0 contributes to quenching the instability.
In the unstable segment of the ζ=η ¼ −0.5 solutions, the
scalar field has small amplitude (i.e., small scalar charge)
and therefore it cannot quench the instability. This is not the
case for more charged solutions, which are stable.
To analyze the stability, in Fig. 3 we plot the unstable
mode frequencies for the same set of theories with ðη; ζÞ
shown in Fig. 2, and also for Schwarzschild BH solutions in
the same theory. Note that for Schwarzschild BH solutions
φ0 ¼ 0, and therefore the frequency does not depend
on ζ. Hence, all unstable scalarized BHs branch out of
the same threshold value of η ≈ 0.726, in agreement with
the value obtained in Sec. III. All BH solutions in quartic
theories with ζ=η > 0 shown in Fig. 3 are unstable to radial
perturbations, again in agreement with the analysis from
the decoupling limit, and the instability time scale τ ¼
jω−1I j of these modes decreases as ζ=η increases (as long
as ζ=η > 0).
As noted when discussing Fig. 2, there is a gap in the
parameter space of BH solutions with ζ=η ¼ −0.5. The two
branches have different behavior in the Q–M plane: the
branch with small values of Q=η¯1=2 is more similar to
solutions with ζ=η > −0.5, and the branch with large
values of Q=η¯1=2 is more similar to solutions with
ζ=η < −0.5. We performed a radial stability analysis
searching for unstable modes in the two branches. We
found no unstable modes in the largeQ=η¯1=2 branch, but we
found unstable modes in the small Q=η¯1=2 branch, and
these are the ζ=η ¼ −0.5 modes shown in Fig. 3.
The case ζ=η ¼ −0.5, presenting stable and unstable
solutions, is similar to the ones shown in the inset of Fig. 2.
Note that the unstable modes for ζ=η ¼ −0.5 have small
MωI (see inset of Fig. 3). For the solutions with values of
ζ=η presented in the inset in Fig. 2 the mode frequency is
even smaller, being challenging to find numerically. Our
numerical findings suggest that in quartic sGB with ζ=η <
−0.8 scalarized BHs with n ¼ 0 are stable.
V. CONCLUSIONS
In this work, we have investigated the radial stability of
scalarized BH solutions in sGB gravity. Motivated by the
radial instability of quadratic sGB solutions found in [42],
we have shown that adding higher-order (quartic) correc-
tions to the original quadratic sGB model of [33] can
stabilize the solutions.
FIG. 3. Eigenfrequencies of the unstable modes ωI as function
of the coupling η for different ζ=η and for the Schwarzschild BH
in sGB gravity. The Schwarzschild BH is unstable for η≳ 0.726,
as indicated by the linear analysis outlined in Sec. III. For η≲
0.726 we can see the instability time scale for the nodeless
solutions for the cases ζ=η > −0.5. The inset zooms-in into these
frequencies.
FIG. 2. Q–M diagram for scalarized solutions in quartic sGB
gravity with n ¼ 0, considering different values for ζ=η. For
comparison, we also show the solutions for exponential sGB
gravity [cf. Eq. (5)]: for small Q=η¯1=2 (i.e., small scalar field
amplitudes), the curve overlaps with the case jζ=ηj ¼ 1.5, as it
should. The vertical line represents the scalarization threshold
η ¼ ηthr. Solutions to the left (right) of the vertical dotted line are
stable (unstable). The inset shows additional illustrative curves
showing the behavior near the scalarization threshold ηthr. Curves
with ζ=η≲ −0.8 are always to the left of the scalarization
threshold.
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Our analysis provided a clear picture for the physical
interpretation of this results. At the linearized level,
scalarization manifests as a tachyonic instability that
triggers the growth of the scalar field. For the end-point
of the instability to be a hairy solution, the tachyonic
instability needs to be quenched by some nonlinear effects.
In quadratic sGB gravity, however, the field equation for
the scalar field is linear in the scalar and hence the only
quenching mechanism would be backreaction. This is
nicely demonstrated by our decoupling limit analysis,
where backreaction is entirely ignored and the tachyonic
instability is always present. Nonetheless, within the same
approximation, a higher-order coupling introduces non-
linearity in the scalar and provides strong quenching for the
tachyonic instability. This highlights that the very existence
of hairy solutions found in [33] for the purely quadratic
model relies on backreaction effects, and this is what
renders them rather special. This seems to be reflected
on their radial stability properties.
Indeed, a φ4-term turns out to stabilize scalarized BH
solutions. We computed unstable radial modes and we
found none when the coupling parameters satisfy
ζ=η < −0.8. This suggests that scalarized BH solutions
are stable in this region of the theory’s parameter space.
More generally, our results clearly demonstrate that the
quadratic coupling between the scalar and the Gauss–
Bonnet invariant controls the onset of the scalarization,
whereas the higher-order corrections (in the scalar) control
the end-point of the tachyonic instability that triggers
scalarization, and hence they are crucial for the properties
of the hairy black holes solutions.
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